Introduction
To answer the question, under what conditions on initial data, a given linear connection on an n-dimensional manifold coincides with the Levi-Civita connection of some pseudo-Riemannian metric, is a difficult problem in general. Only the case n = 2 is easy.
For the Riemannian manifold, probably the most effective method was offered by O. Kowalski in [5] , [6] , see also [17] , [16] , [18] . In [19] we developed a method which might be helpful in deciding whether a given linear connection on a 2-dimensional manifold arises as a Riemannian connection of some pseudo-Riemannian metric. In the simplest case, for nowhere flat affine two-manifolds, we formulated necessary and sufficient conditions for local metrizability in [19] , and in favourable case all compatible metrics were described in terms of the Ricci tensor. Our aim is to show here application for the class of locally homogeneous connections in affine 2-manifolds, [14] , [9] , [1] .
We apply simple methods suggested in [19] in the case of the two main classes of locally homogeneous linear connections, called Type A and Type B in [9] , [1] , [14] . Such connections play the key role in the Classification Theorem for locally homogeneous symmetric linear connections on two-dimensional manifolds. Let us consider the case n = 2 in what follows. As well known, in dimension two the curvature tensor R of type (1, 3) can be completely recovered from the Ricci tensor, 
212 . Since ∇R = ω ⊗ R is equivalent with ∇ Ric = ω ⊗ Ric provided n = 2 we get: 
) is recurrent if and only if the Ricci tensor is recurrent, and R = 0 if and only if
ijk , and g h R hijk = R ijk . We introduce also the Ricci tensor of type (1, 1) with components R i j = g i s R sj . The scalar curvature is its trace, [15] Proof. R = 0 is equivalent with K(x) = 0 on M (from continuity, K is either positive, or negative); g = α(x) · Ric with α(x) = 1 K(x) = 0, and ∇g = 0. Obviously α(x) · Ric is parallel, and ∇ Ric = d(− ln |α|) ⊗ Ric holds, [19] .
Since in the case R = 0, the tensor Ric is in fact also recurrent (ω = 0), recurrency is one of necessary conditions for metrizability of a two-manifold.
1.3. Metrizability of affine 2-manifolds. We obtained two necessary conditions for local metrizability of a symmetric linear connection on a pseudo-Riemannian 2-manifold: the Ricci tensor must be symmetric, and must be also recurrent for some closed 1-form (proof of Lemma 2). Moreover, Ric may be degenerate only if R = 0 holds, and if this is the case then Ric = 0. For the sake of global metrizability, the corresponding 1-form must be even exact. As well known, a flat connection is always globally metrizable; we can even prescribe a signature. Now suppose that the Ricci tensor (or equivalently, the curvature) is non-vanishing in one fixed point x 0 ∈ M , and due to continuity, in some neighborhood of x 0 (note that the subset of non-flat points is open).
Theorem 1. Let (M 2 , ∇) be a 2-manifold with a symmetric linear connection such that the Ricci tensor is symmetric, recurrent, i.e. ∇ Ric = ω ⊗ Ric for some 1-form ω, and regular (|R ij | = 0). Then at least locally, there is a metric compatible with the connection.
Proof. Let x 0 ∈ M . Since |R ij | = 0 there is a pair (i, j) such that R ij = 0 about x 0 . Due to the recurrency and regularity, dω = 0. Hence in some neighborhood of x 0 , there is a function f such that ω = df . It can be checked that e −f · Ric is parallel about x 0 . Therefore g = e −f · Ric is a local metric compatible with ∇ in a neighborhood of x 0 .
Theorem 2 ([19]). Let (M 2 , ∇) be a two-dimensional manifold with a symmetric linear connection and the curvature R non-zero everywhere. If the Ricci tensor of ∇ is regular, symmetric and satisfies
Hence a now-here flat symmetric linear connection on M 2 is metrizable if and only if its Ricci tensor is symmetric, regular and recurrent with the corresponding 1-form being exact. If this is the case and ∇ Ric = df ⊗ Ric holds for some smooth function f then all global metrics corresponding to the connection ∇ form a 1-parameter family of homothetic metrics
(i.e. they differ from each other up to a scalar multiple, and each arises from the Ricci tensor as a multiple by a smooth function). 
Locally homogeneous affine 2-manifolds
As well known, a connection ∇ in a domain U of M 2 is given uniquely by a family of components (Christoffel symbols) which are functions
to simplify the usual notation we denoted [13] .
A seemingly easy problem, to classify all locally homogeneous torsion-less linear connections in plain domains, was solved only recently, namely by a direct method in [14] , by a group-theoretical method in [9] , and in a more general setting, for connections with arbitrary torsion, in [1] ; the proofs are based on the theory of Lie algebras of vector fields, [12] . Recall the result of B. Opozda from [14] which was a motivation for our contribution. 
where the lower index means partial derivative according to the corresponding variable; Ric need not be symmetric, even for a symmetric connection.
2.1. Type A connections, with constant Christoffels. Let us examine metrizability of symmetric connections with constant Christoffels in open domains of 2-manifolds. We prove that a complete answer can be given as follows: In dimension two, a symmetric linear connection with constant Christoffels is metrizable if and only if it is locally flat. Though the metrizability problem means to solve a system of differential equations in general [2] , in our case it is sufficient to solve a system of algebraic equations.
In the case of a connection with constant Christoffels defined in U ⊂ R 2 [u, v] , the curvature tensor R as well as the Ricci tensor are constant, the components being (6)
Hence Ric is always symmetric, and the shape of R 12 suggests that vanishing or non-vanishing of one of components B, C, D, E might have consequences. In what follows we distinguish from technical reasons the cases D = 0 and D = 0 (e.g. to be able to control our considerations by computations in Maple, though D is not a preferable coefficient by nature, we could start in fact with something else, e.g. with C or E).
Lemma 3. A symmetric linear connection
∇ in M 2 = R 2 [u, v
] with constant Christoffels is locally flat just in the following cases:
(a) D = B = 0 and A, C, E, F ∈ R are related by AE − C 2 + CF = 0; 
/D, and A, B, E, F ∈ R are related by
This system is equivalent to the unique third-order algebraic equation Hence a symmetric connection with constant Christoffels on M 2 is recurrent if and only if there exist constants ϕ 1 , ϕ 2 such that the following system holds: Proof. Under our assumptions, the system (7) guaranteeing recurrency reduces to the system of algebraic equations
Suppose that R 11 · R 22 = 0. Then necessarily A = D and C = F , and by (6) R 11 = R 22 = 0, a contradiction.
Lemma 5. If the Ricci tensor of a symmetric linear connection with constant Christoffels on M 2 is recurrent, non-vanishing and non-degenerate then the components must satisfy
Proof. If R 11 = 0 then by (7), BR 12 = DR 12 = 0, hence either R 12 = 0 or B = D = 0 which gives R 12 = 0 again, hence the matrix is singular and Ric degenerates. Similarly for R 22 = 0.
Corollary 1. If a symmetric connection with constant Christoffels on M 2 and non-vanishing Ricci tensor should have Ric recurrent and non-degenerate then necessarily
R 11 · R 12 · R 22 = 0.
Theorem 4. If (M, ∇) is an affine 2-manifold with constant Christoffels such that the Ricci tensor is recurrent and all its components are non-vanishing on M then
Ric is degenerate.
Proof. Since R 11 = 0 we get from (7)
We obtain
First suppose that BD = 0 and show that Ric is degenerate. Indeed, we get
Let us plug for R ij from the expressions:
and 
and necessarily BE = 0, F = C. We get ϕ 2 = −2C,
It follows R 11 · R 22 = R 
Components of∇Ric are
In what follows suppose that the connection∇ has symmetric Ricci tensor, equivalently F = −C. Provided symmetry of Ricci is guaranteed, necessary and sufficient conditions for recurrency of∇ read: the system of algebraic equations (10) 
